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Abstract
This work describes an advanced physics-based compact
MOSFET model (SP). Both the quasi-static and non-quasistatic versions of SP are surface-potential-based. The model is
symmetric, includes the accumulation region, small-geometry
effects, and has a consistent current and charge formulation.
The surface potential is computed analytically and there are
no iterative loops anywhere in the model. Availability of the
surface potential in the source-drain overlap regions enables
a physics-based formulation of the extrinsic model (e.g. gate
tunneling current) and allows for a noise model free of discontinuities or unphysical interpolation schemes. Simulation
results are used to illustrate the interplay between the model
structure and circuit design.
Introduction: Selecting the Model Structure

T

HIS work introduces the latest and most advanced
surface-potential-based model called SP. The emphasis
is on the interplay between the device physics and circuit
simulation. The relation between the model structure and circuit simulation is both subtle and consequential. For example,
using a source-referenced threshold voltage, Vth , makes it
impossible to model R2R circuits, while the popular textbook
expression for the velocity saturation leads to a singularity
in the Id (Vds ) curve for Vds = 0 with obvious negative
consequences for analog circuit design. It is then important
to determine a desirable model structure for next generation
compact models. At present, there are essentially three possibilities: Vth -based, qi -based and φs -based models (qi -inversion
charge, φs -surface potential). The limitations of the familiar
Vth -based approach are well documented [1], [2]. They stem
from the inevitable unphysical nature of Vth -based models
in the transition regions such as between subthreshold and
strong inversion. As the power supply voltage is reduced, the
transition regions become a significant fraction of the voltage
swing, essentially invalidating a Vth -based approach.
The qi -based approach was introduced in [3], [4], developed
in [5]–[7], rediscovered in [8] and presented once again in [9].
Central to this method is the “inversion charge relation”
(qi /n) + φt ln(qi /nφt ) = (Vgb − Vfb )/n − φn − n1

(1)

where qi is normalized to Cox , Vfb denotes the flat-band
voltage, φn is the imref splitting and coefficients n, n1 are
position-independent in the MOSFET channel. In view of the
approximate nature of (1), various definitions, interpretations
and expressions for n and n1 are available in the literature. By
using (1) qi -based models allow for a simultaneous and mostly

physical modeling of the subthreshold and strong inversion
regions. However, in the development of SP, the inversion
charge relation was rejected in favor of the φs -based approach
for the following reasons. First, using (1) precludes physical
modeling of the accumulation region (essential for varactor
modeling). This implies the regional nature of a qi -based
model with undesirable consequences so familiar to both users
and developers from Vth -based work. Second, even in its
area of validity (φs ≥ 3φt , φt = kT /q) relation (1) is an
approximation of the more accurate result (see below)
¸
·
qi (qi + 2qb )
= Vgb − Vfb − φn − 2φb (2)
qi + qb + φt ln
γ 2 φt
where qb is the bulk charge normalized similarly to qi . Consequently, it does not seem worthwhile to base a MOSFET model
on an approximate solution of (1) which is an approximation of
(2) which itself is an approximate form of the general surfacepotential equation obtained by neglecting the contributions of
majority carriers. Finally, φs and not just qi is needed in
the development of the extrinsic MOSFET model (e.g. gate
current, noise model).
This leaves a φs -based model structure as a natural choice
for the next generation compact MOSFET models. Several φs based compact models have been developed and successfully
implemented [10]–[13]. This approach is well recognized as
both the most physical and the most difficult to implement.
The development of SP is enabled by new accurate approximate solutions of several mathematical problems retarding the
progress of φs -based models.
General Features of SP
These can be summarized as follows:
• φs -based, substrate referenced
• Analytic (non-iterative) computation of φs from accumulation to inversion
• Symmetric with respect to source-drain interchange, no
2
singularity
d2 Id /dVds
• Physically based modeling of small-geometry effects via
lateral field gradient
• DC, quasi-static (QS) and non-quasi-static (NQS) models
are consistent
• Accumulation region modeling is physics-based
• φs -based modeling of the overlap regions
• Physics-based gate and substrate current models
• Simple expressions for key variables in all regions of operation, obtained using ”symmetric linearization” concept
• Benchmark tests are automatically satisfied with no special effort
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•
•

Quantum mechanical effects and polysilicon depletion
Thermal, 1/f and channel-induced gate noise models;
“Excessive” thermal noise is physically modeled
Computation of the Surface Potential

The key problem is that φs is an implicit function of the
gate bias and φn [14]:
(Vgb −Vfb −φs )2 = γ 2 φt [(e−x +x−1)+∆n (ex −x−1)] (3)
where x = φs /φt and ∆n = exp[−(2φb + φn )/φt ].
Eq. (3) describes all regions of MOSFET operation but has
no closed-form solution. Neither does its simplified version
valid for φs ≥ 3φt (ignoring the accumulation region) [15]:
[(Vgb − Vfb − φs )/γ]2 = φs + φt ∆

(4)

where ∆ = exp[(φs − 2φb − φn )/φt ]. This often necessitates
an iterative solution for φs (Vgb , φn ). We note in passing
√ that
using charge-sheet
model
(CSM)
equations
q
=
γ
φs and
b
√
qi = γ φs + φt ∆ − qb yields qi = γ 2 φt ∆/(qi + 2qb ) which
is equivalent to (2) but not to (1). Thus the occasional claim
that one can solve equation for the surface potential in terms
of numerically evaluated “Lambert function” (solution W (x)
of W eW = x) by reformulating (4) in terms of qi is not valid.
Only an approximation (1) can be dealt with in this manner.
The search for an approximate analytical solution of (4) was
initiated in [16] using smoothing functions to connect asymptotic solutions of (4) in subthreshold and strong inversion.
Naturally, even the best approximations of this type [11] have
an accuracy of 2-3mV which is not sufficient for modelling of
transconductances and transcapacitances. By using a different
approach one can obtain an approximate solution of eq. (3)
with an accuracy better than 1nV [17]. A generalization of this
method given in Appendix A leads to an approximate solution
of the complete surface potential, eq. (3). As shown in Fig. 1,
the accuracy of the new algorithm is the same as that in [17],
but now the accumulation region is included. This obviates
the need to develop a separate model of the accumulation
region which is an unfortunate but inevitable feature of qi based models.
In the development of the extrinsic φs -based model it
is often necessary to find the surface potential φov in the
heavily doped source and drain overlap regions. In these
regions the minority carrier contribution to the charge density
is negligible, and instead of the general eq. (3) one only
needs a simplified version obtained by omitting the term
∆n (ex − x − 1). The analytical approximation for φs in this
case is even simpler than the one given in Appendix A. Typical
results are shown in Fig. 2, indicating an accuracy of better
than 10−10 V.
Intrinsic SP: Id and Terminal Charges
Most compact models use linearization of the bulk charge
as a function of φs . To preserve the model symmetry with
respect to source-drain interchange, in SP this linearization is
introduced as
qb (φs ) = qb (φm ) + (dqb /dφs )φs =φm (φs − φm )

Fig. 1. Comparison of the analytical approximation of the surface potential in
the channel area with numerical solution; Nsub = 5×1017 cm−3 , tox = 25Å,
Vfb = −1.0V and T = 300K

(5)

Fig. 2. Comparison of the analytical approximation of the surface potential
in the overlap regions with numerical solution; Nov = 5 × 1019 cm−3 ,
tox = 20Å, Vfb = 0 and T = 300K

where φm = (φss + φsd )/2 and φss , φsd are the values of φs
at the source and drain ends of the channel. Consequently, the
inversion charge qi = qim − α(φs − φm ), where qim is the
inversion charge at the “potential midpoint”,
√ φs = φm , and
the linearization coefficient α = 1 + γ/2 φm . Apart from
preserving the Gummel symmetry, this technique has several
advantages. First, the coefficients a1 , a2 in the traditional
formulation [18] are eliminated. Second, the resulting version
of the CSM is numerically identical to the original one
[15] but has significantly simpler expressions for the drain
current and the terminal charges [19]. Finally, a simple φs (y)
expression can be obtained explicitly which is essential in the
development of noise and gate current models and for NQS
formulation.
When combined with the CSM version of the drift-diffusion
equation, symmetric linearization yields [13]
Id = β(qim + αφt )φ(rL + δ0 φ/Vc )−1

(6)

where β = µ(W/L)Cox , Vc = Ec L, Ec is the critical field,
rL = (1 + ∆LCLM /L)−1 and ∆LCLM models channel
length modulation. Variable δ0 is introduced to sharpen the
drift velocity dependence on the lateral field [20]. In SP,
δ0 = φ/(φ + gn Vc ) where gn is a constant [18]. This has
2
an additional benefit of assuring (d2 Id /dVds
)Vds =0 = 0 which
is an important manifestation of the model symmetry (violated
in Vth -based models) [12].

Fig. 3.
Surface potential along the channel computed from the orginal
(circles) and symmetrically linearized CSM (solid lines); tox = 25Å,
Nsub = 5 × 1017 cm−3 , Vfb = −0.8V, µ = 400cm2 /V.s, Vds = 1V and
Vsb = 0V

Fig. 4.
Typical C-V curves for W = 0.5µm, L = 0.15µm device;
tox = 40Å, Nsub = 5 × 1017 cm−3 and Vfb = −1.1V
Vdd

R0=350

Similarly, the explicit φs (y) dependence can be obtained
h
i
p
φs (y) = φm + H 1 − 1 − (2φ/HL)(y − ym )
(7)
where ym = (L/2)(1 + φ/4H) is the coordinate
of the potential midpoint ( φs (ym ) = φm ) and
H = [(qim /α) + φt ](1 + δ0 φ/rL Vc )−1 .
Comparison of (7) with the more complicated CSM result
(for a special case of no velocity saturation) is shown Fig. 3
further verifying the symmetric linearzation concept.
This simplification of the φs (y) dependence leads to computationally efficient expressions for the terminal charges (all
normalized to W LCox ). For example, the gate charge
Z φsd
QG =
(Vgb − Vfb − φs )(dy/dφs )dφs
(8)
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becomes
QG = Vgb − Vfb − φm + (ηp φ/2) (rL φ/6H − 1 + rL ) (9)
Here ηp describes the polysilicon depletion effect (ηp = 1
when poly depletion is neglected). Similarly, it is easy to
implement the Ward-Dutton partition [21] to obtain
µ
¶
qim
αφ
φ
φ2
|QD | =
+
1−
−
(10)
2
12
2H
20H 2
and the remaining charges QB and QS . In [17], these expressions we verified by comparison with exact results [22] which
are too complex for compact modeling purposes. An important
feature of SP is that (9) remains valid in the accumulation
region. Typical C-V curves are shown in Fig. 4.
A physics-based description of the accumulation region
(unique to a φs -based approach) allows MOS varactor modeling, illustrated in Fig. 5 by evaluating the tuning range of the
voltage-controlled oscillator (VCO) shown in Fig. 6. SP also
includes a more detailed MOS varactor model based on the
relaxation approximation for the formation of the MOSFET
inversion channel [23].
The symmetry of SP is illustrated in Fig. 7 and enables
accurate modeling of the R2R circuit shown in Fig. 8. Typical
results are shown in Fig. 9. As noted by the EKV group,
the latter is problematic for Vth -based models [24]. SP verification is based on comparison with the experimental data

Fig. 6.
Tuning range of the voltage controlled oscillator; tox = 42Å,
Nsub = 6.5 × 1017 cm−3 and Vfb = 1.0V (p-channel varactors)

for several fabrication processes from different manufacturers.
Typical results are shown in Fig. 10. Further details of SP
including the symmetry of charges and transcapacitances are
discussed in [13], [25]. The φs -based description of quantum
and polysilicon depletion effects can be found in [26], [27].
Overlap Charge
The bias dependence of the overlap charge is essential for
transient simulation of MOSFET circuits [28]. This is particularly important in scaled devices where the overlap regions
occupy a significant fraction of the gate length. Physically, the

Fig. 7.
Gummel Symmetry Test; W = 0.245µm, L = 0.196µm;
VS = Vb0 − Vx , VD = Vb0 + Vx , Vb0 = 1V

Fig. 11.
solution

Comparison of normalized overlap capacitance with numerical

overlap region can be modeled as a MOS capacitor [28], [29]:
Vdd

Ifs

Qov = Cox W Lov (Vg − φov )
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Fig. 10.
Output characteristics of MOSFET with W
L = 0.1µm

(11)

where Vg is either Vgs or Vgd and Lov is the overlap length.
As shown in Fig. 11, an analytical approximation for φov
results in excellent agreement with numerical calculations for
Cov = dQov /dVg .
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Gate Tunneling Current
Aggressive scaling of tox necessitates accurate compact
modeling of the gate tunneling current, Ig . SP includes a
novel compact model of Ig which is valid in all regions of
operation and is φs -based in both the channel and the overlap
regions. The total gate current is a sum of the contributions
from the overlap regions (Igov ) and from the channel area
(Igc ). For each component the model has identical functional
form and parameter values. Physical modeling of the overlap
components is important since they dominate for small gate
biases (where the oxide field in the overlap regions is larger
than that in the channel area) and contribute a significant
fraction of Ig in scaled devices where the overlap region is
geometrically comparable to the channel area. The physical
result Ig = 0 for Vgs = Vds = Vds = 0 is achieved by
employing the Esaki-Tsu supply function, Fs , to describe the
difference of carrier populations across the gate oxide. For
each component, the tunneling current density [30]
(
"
µ
¶2 #)
|Vox |
Vox
Jg = J0 Fs exp −B0 G1 + G2
+ G3
χB
χB
(12)
which is derived by simplifying the Esaki-Tsu integral [31].
In (12) J0 and B0 are physical constants, Vox is the oxide
voltage, qχB is the conduction band offset at the Si/SiO2
interface,
¾
½
1 + exp [(φs − φn − αb − ψt ) /φt ]
,
(13)
Fs = ln
1 + exp [(φs − Vgb − αb − ψt ) /φt ]

= 0.12µm,

where qαb is the difference between the conduction band edge
and the Fermi level in the Si bulk, and
hp
i
ψt = (1/2)
(Vox − G0 φt )2 + 0.01 − (Vox − G0 φt ) .
(14)

is the bias-dependent tunneling energy relative to the conduction band edge at the Si/SiO2 interface. In (12) and (14), the
model parameters G0 , ...G3 are used to include the possible
conduction band misalignment between Si and polysilicon,
to absorb the uncertainties of the effective mass of electrons
and the band offset, and to compensate the numerical error
introduced by using the WKB approximation.
As a result of the negligible position dependence of Jg in
the overlap regions, Igsov and Igdov , are obtained directly
¡
¢
Igs(d)ov = W Lov Jg Vgs(d) .
(15)
The Vds dependence of Igc and its partition into the source
(Igcs ) and drain (Igcs ) components are modeled using the
approach given in [32],
Z L
Igc = W
Jg (y)dy,
(16)
0

Z
Igcd = W

L

¡ ± ¢
Jg (y) y L dy,

(17)

0

and Igcs = Igc −Igcd . Using a symmetric linearization method
the integrals are readily evaluated in closed form. The accuracy
of the Ig model has been verified using experimental data for
two advanced CMOS processes [30]. Typical results are shown
in Figs. 12 – 14. Due to physical modeling of the overlap
region contributions, no scaling parameters are necessary to
provide an accurate fit for devices with different geometries.

Fig. 14.

Ig (Vds ) model verification.

Substrate Current
The availability of the surface potential also simplifies the
formulation of the substrate current model. The latter is usually
obtained by modifying the expression given in [33]
µ
¶
b2
Ib = Id b1 (Vds − b3 Vdsat ) exp −
, (18)
Vds − b3 Vdsat
where b1 , b2 and b3 are geometry dependent, and Vdsat is the
saturation voltage. Although accurate in the strong inversion
region, expression (18) is not suitable for the subthreshold
region where [34]
Ib = Id b1 exp (−b2 /Vds ) .

(19)

Most of the existing compact models rely on smoothing
functions to achieve a transition between (18) and (19). In
SP the same result is achieved by replacing Vdsat with φ:
Ib = Id b1 exp [−b2 /(Vds − b3 φ)]

Fig. 12.

Ig model verification for long-channel device; Vds = 0

(20)

In the subthreshold region φ is exponentially small and (19) is
recovered as a particular case of (20). In the strong inversion
region, Vds − φ represents the potential drop across the
velocity saturation region which is equivalent to Vds − Vdsat
in the context of Vth -based models [33]; consequently (20) is
equivalent to (18).
Further details including scaling and comparison with experimental data can be found in [35].
Noise
SP includes the channel thermal noise, channel flicker noise,
channel-induced gate noise, and series resistance noise.
For the channel thermal noise, the excess noise in shortchannel devices is modeled via the channel length modulation
(CLM) effect. The power spectral density of the channel
thermal noise is [36]
Sid = (4kT /L2red )µQinv + δHE (4kT /L2red Ec2 )Id φ

Fig. 13.

Ig model verification for short-channel device; Vds = 0

(21)

where Lred is the CLM reduced channel length and Qinv is
the inversion charge in the gradual channel region. The second
term describing the “hot electron” noise is included in SP for
legacy purposes but is not needed in most cases [36], [37].
The SP flicker noise model is obtained by developing a φs based version of the model in [38] , which includes fluctuations

of both the effective mobility and of the number of mobile
carriers (N ). The spectral density at frequency f is given by
Z Lred
A + BN + CN 2
kT Id2
Sid =
dy, (22)
2
N
EF
γF N W Lred f
(N + N∗ )2
0
p
where N∗
=
(Cox φt /q)(1 + γ/ φm + 10−6 φt ),
γF N = 1010 m−1 is a physical constant and A, B, C
and N EF are technology-dependent parameters.
In (22), the contribution to the velocity saturation region is
neglected based on the same argument as the one leading to
(21) [36], [37]. Symmetric linearization yields
dy/dN = (µW q/αm Cox Id ) (qN + αm φt Cox ) ,

(23)

Fig. 15.

Free-Running Oscillator Phase Noise Simulation

and the integral in (22) is readily evaluated in a closed form:
drift
diff
Sid = Sid
+ Sid
.

(24)

The two terms in (24) represent the contributions of the drift
and diffusion currents, respectively. The drift term
q 2 kT µId
drift
Sid
=
γF N αm L2red Cox f N EF
£ ¡ 2
¢
C N0 − NL2 /2 + (B − 2CN∗ ) (N0 − NL )
¡
¢
− AN∗ − BN∗ 2 + CN∗3 (N0 − NL )/(N1 N2 )
¡
¢
¤
+ A − 2BN ∗ + 3CN ∗2 ln (N1 /N2 ) (25)
is dominant in the strong inversion region whereas the diffusion term
diff
Sid
=

k 2 T 2 µId
γF N L2red f N EF
[C (N0 − NL ) + (B − 2CN∗ ) ln (N1 /N2 )
¡
¢
¤
+ A − BN∗ + CN∗2 (N0 − NL ) /(N1 N2 ) (26)

dominates in the subthreshold region. In (25) and (26),
N1 = N0 − N∗ , N1 = NL − N∗ , where N0 and NL are the
number of mobile carriers at the source and drain end of the
gradual channel, respectively. One of the advantages of the φs based formulation is a single expression for Sid valid in all
regions of operation. This obviates the need for smoothing
functions or interpolating formulas inevitable in Vth -based
formulations.
The application of the SP noise model to the phase noise
simulation of the VCO shown in Fig. 5 is illustrated in Fig.
15. As explained in [39], flicker noise is responsible for the
30dBc/dec slope in the close-in sideband.

In this section, we use the physical sign of qi , variables y
and t are normalized to L and L2 /µ, respectively, currents
are normalized to β and the integrated terminal charges are
normalized to W LCox . Numerical solution is straightforward
but is too inefficient for the compact modelling purposes.
The standard approach is to solve (27) approximately using a
weighted residuals method [42], [43]. The collocation version
of this method is most physical and is readily implemented in
circuit simulators [44]. The drawback is its limited accuracy
since the use of high degree polynomials for the approximate
inversion charge qei results in unphysical oscillations of qei as a
function of distance. To overcome this difficulty, the SP NQS
model uses a spline collocation method. For two collocation
points:

q1/3 − 3e
q0 + 3a0 )y

 qe0 + (3e

2

+(3a
−
9a
)y
− 9a1 y 3 ,
0 ≤ y ≤ 1/3

1
0







q1/3 − qe2/3 − 2a2 +

 2e

(3e
q2/3 − 3e
q1/3 + 9a2 − 2a3 )y
qei =
2
3
+(9a
−
9a
1/3 ≤ y ≤ 2/3

3
2 )y − 9a3 y ,







3e
q2/3 − 2e
q1 − 6a4 +




(3e
q1 − 3e
q2/3 + 15a4 − 6a5 )y



+(15a5 − 9a4 )y 2 − 9a5 y 3 ,
2/3 ≤ y ≤ 1
(28)
This converts (27) into a system of two ordinary differential
equations
de
q1/3 /dt + ϕ(e
q1/3 )ν12 + ψ(e
q1/3 )ν2 = 0,
de
q2/3 /dt +

+ ψ(e
q2/3 )ν4 = 0,

(29)
(30)

where qe1/3 = qe(1/2, t), qe2/3 = qe(2/3, t)
ϕ(qi ) = qb qi /(qb − γ 2 /2) − φt ,

Large Signal NQS Model
Accurate analysis of fast transients requires CADcompatible large-signal NQS models of MOSFETS. A standard approach is to use channel segmentation, which works
well when skillfully implemented, but requires considerable
effort on the part of the user and numerous additional node
points during circuit simulation [40]. A physically based
alternative is to use the partial differential equation [41]:
·µ
¶
¸
∂
qi
∂qi
∂qi
+
− φt
= 0.
(27)
∂t
∂y
dqi /dφs
∂y

ϕ(e
q2/3 )ν32

(31)

4

ψ(qi ) =

qb
γ qi
−
2
qb − γ /2 4 (qi − γ 2 /2)3

(32)

ν1 = (−7e
q0 − 3e
q1/3 + 12e
q2/3 − 2e
q1 )/5

(33)

ν2 = 18(4e
q0 − 9e
q1/3 + 6e
q1/3 − qe1 )/5

(34)

ν3 = (2e
q0 − 12e
q1/3 + 3e
q2/3 + 7e
q1 )/5

(35)

ν4 = 18(−e
q0 + 6e
q1/3 − 9e
q2/3 + 4e
q1 )/5

(36)

and

The ordinary differential equations can be solved simultaneously using subcircuit techniques inside the simulator (included as a part of SP; no effort is required from the user).
After qei is determined, the terminal currents are evaluated as
in [41] to obtain iG = iS − iD − iB where
iS = I −

q1/3
q2/3
11 de
q0
4 de
1 de
1 de
q1
−
−
−
91 dt
15 dt
10 dt
90 dt

q1/3
q2/3
1 de
q0
1 de
4 de
11 de
q1
+
+
+
90 dt
10 dt
15 dt
90 dt
·
¸
1 de
de
qb (1/2, t) de
qb (1, t)
qb (0, t)
iB =
+4
+
6
dt
dt
dt

iD = I +

(37)

(38)

(39)

and I is given by the stationary equation (6) for the drain
current, but with the actual time-dependent terminal voltages.
Typical simulation results are shown in Fig. 16 and Fig. 17.
and illustrate the accuracy of the spline collocation method.
The main advantage of the spline implementation of the
collocation method is that the number of collocation points
(equal to the number of ordinary differential equations which
one needs to solve) can be arbitrarily high or low providing
the circuit designer with an easy trade-off between accuracy
and efficiency of simulation.

Quasi-Ballistic Transport
Scaling of the channel length below 100nm in either traditional or double-gate MOSFETs may require inclusion of
the quasi-ballistic transport in a compact MOSFET model.
This is a difficult task, but S-matrix techniques [45] provide a
framework which is sufficiently simple for compact modeling
purposes. The S-matrix of a non-absorbing barrier can be
evaluated as long as its potential profile is known [46] making
φs -based formulation particularly well suited for sub 100nm
MOSFET modeling. The synthesis of SP with the S-matrix
method has been demonstrated to provide a model which is
sufficiently simple for circuit simulation purposes and provides
a gradual transition from drift-diffusion to ballistic transport
as L becomes comparable to the mean free path [47].
Conclusions
The structural advantages of φs -based models together with
the rapid progress in the development and implementation
of this approach make it a most promising platform for the
next generation of compact MOSFET models. When combined
with a one-flux description of quasi-ballistic effects it is likely
to provide efficient and physical modeling of MOS transistors
in the foreseeable future.
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½

Below
(A1)
(A2)
(A3)

(A4)

(φb + Vsb )/φt
for Vsb ≥ 0
(φb + 0.5Vsb )/φt for Vsb < 0
h
i
p
MINA(a, b, c) = a + b − (a − b)2 + c /2,
x23 =

σ(a, c, τ ) =
and

a(a + c)
,
u + c(a + c)(c2 /3 − a)/u

u = v 2 /τ + c2 /2 − a

(A5)
(A6)
(A7)
(A8)

The algorithm for non-iterative computation of the surface
potential is as follows. For xg < 0, denote yg = −xg ,
z = 5yg /4ξ and proceed in the following steps
n
o
η = (1/2) z + 10 − [(z − 6)2 + 64]1/2
(A9)
a = (yg − η)2 + G2 (η + 1)

(A10)

c = 2(yg − η) − G2

(A11)

2

τ = −η + ln(a/G )

(A12)

y0 = η + σ(a, c, τ )

(A13)

∆0 = exp(y0 ); ∆1 = 1/∆0

(A14)

2

p = 2(yg − y0 ) + G [∆0 − 1 + ∆n (2 − ∆0 − ∆1 )] (A15)
q = (yg −y0 )2 +G2 [y0 −∆0 +1+∆n (∆0 −∆1 −2y0 )] (A16)
2q
p
x = −y0 −
2
p + p − 2q {2 − G2 [∆0 + ∆n (∆1 − ∆0 )]}
(A17)
For 0 < xg < xg23 compute
x̄ = (xg /ξ)[1 + xg (ξx23 − xg23 )/x2g23 ]
Ē = exp(−x̄)
ω = 1 − Ē − ∆n (Ē

−1

(A18)
(A19)

− Ē − 2x̄)

x0 = xg + G2 /2 − G(xg + G2 /4 − ω)1/2
∆0 = exp(x0 ); ∆1 = 1/∆0

(A20)
(A21)
(A22)

2

p = 2(xg − x0 ) + G [1 − ∆1 + ∆n (∆0 + ∆1 − 2)] (A23)
q = (xg −x0 )2 −G2 [x0 +∆1 −1+∆n (∆0 −∆1 −2x0 )] (A24)
and
x = x0 +

p+

p

2q
p2

− 2q{2 −

G2 [∆

+ ∆n (∆0 − ∆1 )]}
(A25)
Finally, for xg > xg23 (A22)-(A25) remain unchanged,but
instead of (A21) x0 is computed as follows:
1

xsub = xg + G2 /2 − G(xg + G2 /4 − 1)1/2

(A26)

η = MINA(xsub , xn + 3, 5)

(A27)

2

(A28)

2

2

a = (xg − η) − G η + G
2

Appendix A: Surface Potential Approximation
xg = (Vgb − Vfb )/φt ,
p
G = γ/ φt ,
√
ξ = 1 + G/ 2,

√
xg23 = G x23 − 1,

c = 2(xg − η) + G

(A29)

τ = xn − η + ln(a/G2 )

(A30)

x0 = η + σ(a, c, τ )

(A31)

To reduce the numerical noise for Vgb close to Vfb it may
be useful to code x = xg /ξ for |x| < 10−7 ξ.

